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  الاشتقـاق ودراسة الدوالفي درس   4 مذكرة رقم     

  ا�ھ�اف ا���رات ا�����ة �� ا��رس :       
  

 
 
 
 
 
 
 
  
  
  
  

I. :ط��� �	 �
  ا����ق دا


	�ل ان دا�� #"�! :f��	�ا�   إذا و��  �����0x ����	�ق �

	�	���د ℓ �� �( ) ( )
0

0

0

lim
x x

f x f x

x x→

−
=

−
ℓ  ا�!�د وℓا�!�د ا�$#�" ���ا�� %$&'f ��	�ا� �0x  (�)
). و  )0f x′=ℓ  

:$�%&� +
)ا�$� �%��ن .!�د�� .$�س �����0x ����	�ق �  fإذا ,� )fC  �/��0أ� �0 ا��	�� ا��x: ھ

( ) ( ) ( )0 0 0y f x x x f x′= − +  


!�45 ا��ا��  �	�ل:f    : )ا�$!��4 ,����� ) 22f x x=  

�����0 ����	�ق ��� �9��f!$�ل ا��!4'8 ��7 أن  ا��ا��  .1 1x = . 

��د .!�د�� ا�$$�س ��$� �% ا�$$>; ���ا��  .2f  ���0 1x =. 

)1ا�<�اب:
 

( ) ( ) ( ) ( )
0

0

1
0

1
lim lim

1x x x

f x f x f x f

x x x→ →

− −
=

− −
  

( ) ( )( )22

1 1 1

2 1 2 1 12 2
lim lim lim

1 1 1x x x

x x xx

x x x→ → →

− − +−= = =
− − −

  

( ) ( ) ( )
1

lim 2 1 2 1 1 4 1
x

x f
→

′= + = + = = ∈ℝ       اذن : ا��ا��f  ��������0 ����	�ق  1x =.  

2( ( )( ) ( )0 0 0y f x x x f x′= − +        ( )1 4f ′ )و = )1 2f   اذن : =

( )( ) ( ) ( )1 1 1 4 1 2 4 4 2y f x f x x′= − + = − + = − 4و.�@   + 2y x=   وھ .!�د�� ا�$$�س  −


!�45 ا��ا��  :��#1!�f    : )ا�$!��4 ,����� ) 23f x x=  

�����0 ����	�ق ��� �9��f!$�ل ا��!4'8 ��7 أن  ا��ا��  .1 2x = . 

��د .!�د�� ا�$$�س ��$� �% ا�$$>; ���ا��  .2f  ���0 2x =. 

)1ا�<�اب:
 

( ) ( ) ( ) ( )
0

0

2
0

2
lim lim

2x x x

f x f x f x f

x x x→ →

− −
=

− −
  

( ) ( ) ( )22

2 2 2

3 4 2 2 23 12
lim lim lim

2 2 2x x x

x x xx

x x x→ → →

− − +−= = =
− − −

  

( ) ( ) ( )
2

lim3 2 3 2 2 12 2
x

x f
→

′= + = + = = ∈ℝ       اذن : ا��ا��f  ��������0 ����	�ق  2x =.  

2( ( )( ) ( )0 0 0y f x x x f x′= − +     ( )2 12f ′ )و = )2 12f   اذن : =

( )( ) ( ) ( )2 2 2 12 2 12 12 24 12y f x f x x′= − + = − + = − +  

12 12y x=   وھ .!�د�� ا�$$�س  −
  
  
  
  
  
  

 �4,+�ة ر*( : 
���� ����	
 ا���ذ : 
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II. :�����
  ا
دا
� ا
��ت ا��وال ا.
��د!$:0�  

( )f x  ( )f x′  ا�$<�ل  

k  0  ℝ  
ax  a  ℝ  

2x  2x  ℝ  
( )nx n ∗∈ℕ  1nnx −  ℝ  

1

x
  

2

1

x
−  ] [أو  ∞+,0] [,0−∞  

��د ا��ا�� ا�$#�	� ���ا��  أ�	$1:f  : ������ .7 ا� �Bت ا���� ;, �  
1   (( ) 2f x = 2 (( ) 3 5f x x= − 3  (( ) 10f x x=     

: ����Cا  

1(( ) ( )2 0f x ′′ = = 2( ( ) ( )3 5 3f x x ′′ = − =  

3(( ) ( )10 10 1 910 10f x x x x−′′ = = =  

�$:ا     �"���1ت 
31 ا��وال ا��0
  ا�#4ط  .#�	�/�  ا��ا��

u v+  u v′ ′+    
k u⋅  k u ′⋅    
u v⋅  u v uv′ ′+    

1

u
  

2

u

u

′
−  u    F BI�!�م �

u

v
  

2

u v uv

v

′ ′+  v    F BI�!�م �

( )nu n ∗∈ℕ  1nnu u− ′    

��د ا��ا�� ا�$#�	� ���ا��  :�1	�لf : ������ .7 ا� �Bت ا���� ;, �  
1(  ( ) 82f x x=  2 (( ) 45 1f x x= −  

))1ا�$456 : ) ( ) ( )8 8 8 1 72 2 2 8 16f x x x x x−′ ′′ = = × = × =   2(( ) ( ) ( ) ( )4 4 4 1 35 1 5 1 5 4 0 20f x x x x x−′ ′ ′′ = − = × − = × − =   

��د ا��ا�� ا�$#�	� ���ا��  :��#2!�f : ������ .7 ا� �Bت ا���� ;, �  

1(  ( ) 73f x x=  2 (( ) 21
1

2
f x x= − −  3(  ( ) 3 23 4 6f x x x= − +  4 (( ) 5 42 3 6 1f x x x x= − − +  

��د ا��ا�� ا�$#�	� ���ا��  :��#3!�f : ������ .7 ا� �Bت ا���� ;, �  

1(  ( ) 3 21
3 1

2
f x x x= − −  2 (( ) 5 41 1

4 6
5 4

f x x x x= − − −  3 (( ) 5 22 4 7f x x x= − +   

��د ا��ا�� ا�$#�	� ���ا��   :�2	�لf:( ) ( ) ( )3 5 2 6f x x x= + × +  

) ا�78: ) ( ) ( )( ) ( )( ) ( ) ( ) ( )3 5 2 6 3 5 2 6 3 5 2 6f x x x x x x x′ ′ ′′ = + × + = + × + + + × +   

( ) ( ) ( )( ) ( ) ( )3 5 2 6 3 2 6 3 5 2f x x x x x′′ = + × + = × + + + ×  

( ) 6 18 6 10 12 28f x x x x′ = + + + = +  

��د ا��ا�� ا�$#�	� ���ا��  : ��#4!�f:( ) ( )2 2 1f x x x= × −  

) ا�78: ) ( )( ) ( ) ( ) ( )2 2 22 1 2 1 2 1f x x x x x x x′ ′ ′′ = × − = × − + × −   

( ) ( ) 2 2 2 22 2 1 2 4 2 2 6 2f x x x x x x x x x′ = × − + × = − + = −  

��د ا��ا�� ا�$#�	� ���ا��  :�3	�لf:( ) 1

2 1
f x

x
=

+
  

) ا�78: ) ( )
( ) ( )2 2

2 11 2

2 1 2 1 2 1

x
f x

x x x

′′ + ′ = = − = − +  + +
  

��د ا��ا�� ا�$#�	� ���ا��   :��#5!�f:( ) 1

4 3
f x

x
=

−
  

) ا�78: ) ( )
( ) ( )2 2

4 31 4

4 3 4 3 4 3

x
f x

x x x

′′ − ′ = = − = − −  − −
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��د ا��ا�� ا�$#�	� ���ا��  :�4	�لf:( ) 2 3

1

x
f x

x

+=
+

  

)) ا�78: ) ( ) ( ) ( ) ( )
( )2

2 3 1 2 3 12 3

1 1

x x x xx
f x

x x

′ ′′ + × + − + × ++ ′ = = +  +
  

( ) ( ) ( )
( ) ( ) ( )2 2 2

2 1 2 3 1 2 2 2 3 1

1 1 1

x x x x
f x

x x x

× + − + × + − − −′ = = =
+ + +

  

��د ا��ا�� ا�$#�	� ���ا��  :��#6!�f:( ) 3 1

2 5

x
f x

x

−=
+

  

)) ا�78: ) ( ) ( ) ( ) ( )
( )2

3 1 2 5 3 1 2 53 1

2 5 2 5

x x x xx
f x

x x

′ ′′ − × + − − × +− ′ = = +  +
  

( ) ( ) ( )
( ) ( ) ( )2 2 2

3 2 5 3 1 2 6 15 6 2 17

2 5 2 5 2 5

x x x x
f x

x x x

× + − − × + − +′ = = =
+ + +

  

��د ا��ا�� ا�$#�	� ���ا��  :�5	�لf:( ) ( )3
4 3f x x= +  

)ا�78: ) ( )( ) ( ) ( ) ( ) ( )3 2 2 2
4 3 3 4 3 4 3 3 4 3 4 12 4 3f x x x x x x

′ ′′ = + = + × + = + × = +  

�!��#7 :1(  ( ) 3 21
3 1

2
f x x x= − −  2 (( ) 5 41 1

4 6
5 4

f x x x x= − − −  

3 (( ) ( )2 2 1f x x x= × − 4(( ) 1

5 4
f x

x
=

−
 5(( ) 4 2

2 1

x
f x

x

−=
+

   

 6  (( ) ( )7
2 1f x x= −  

)  )1 ا�78: ) 3 2 21
3 1 9

2
f x x x x x

′ ′ = − − = − 
 

  2 (( ) 4 3 4f x x x= − −  3 (( ) ( )( ) ( ) ( ) ( )2 2 22 1 2 1 2 1f x x x x x x x′ ′ ′′ = × − = × − + × −   

( ) ( ) 2 2 2 22 2 1 2 4 2 2 6 2f x x x x x x x x x′ = × − + × = − + = −  

4(( ) ( )
( ) ( )2 2

5 41 5

5 4 5 4 5 4

x
f x

x x x

′′ − ′ = = − = − −  − −
  5(( ) ( ) ( ) ( ) ( )

( )2

4 2 2 1 4 2 2 14 2

2 1 2 1

x x x xx
f x

x x

′ ′′ − × + − − × +− ′ = = +  +
  

( ) ( ) ( )
( )

( ) ( )
( ) ( )2 2 2

4 2 1 4 2 2 8 4 8 4 8

2 1 2 1 2 1

x x x x
f x

x x x

× + − − × + − −
′ = = =

+ + +
  

6  (( ) ( )( ) ( ) ( ) ( ) ( )7 6 6 6
2 1 7 2 1 2 1 7 2 1 2 14 2 1f x x x x x x

′ ′′ = − = − × − = − × = −  

III. ������ و إ��رة �
  :�ر���� دا
:$�9�:I7. ل�>.ℝ وf %��  .Iدا�� ����� ����	�ق 

� f%�� ����GI  ( ) 0f x′ = ⇔;)�x 7.I.  

� f %��)  HFIا'�'�  ) 0f x′ ≥ ⇔;)�x 7.I.  

� f %�� ��0���FI  ( ) 0f x′ ≤ ⇔;)�x 7.I. 

;� :  �1	�ل�f: د'� .!��4 ب��)دا��  ) 35f x x=  

��د  .1
fD 4'8 ا��ا��!F ���$>.f  

  fأ�&) ا��ا�� ا�$#�	� واJ���9 ر���F ا��ا��  .2
  ا�78:

��ود'� اذن  f)ا��ا�� 1fD = ℝ  2( ( ) ( ) ( )3 3 2 25 5 5 3 15 0f x x x x x′ ′′ = = = × = HFfDا'�'� ��%  fو.�@ ا��ا�� ≤ = ℝ  

  درا�$ دا�$ %�ود!$: :  �2	�ل 
f �'د��).!��4 ب :دا��  ) 3 23 4f x x x= − +  

��د  .1
fD 4'8 ا��ا��!F ���$>.f  

)�ت ا������:أ�&) ا��/�' .2 )lim
x

f x
→+∞

)و )lim
x

f x
→−∞

  

�4ات ا��ا��  .3KF ول�� LM NG �	�#$ا��ا�� ا� (&�  .fأ
  .fأ
#O .� �% ا��ا�� .4

  ا�78:
fD اذن ��ود'� fا��ا��  .1 = ℝ  

2. ( ) 3lim lim
x x

f x x
→+∞ →+∞

= = +∞ 

( ) 3lim lim
x x

f x x
→−∞ →−∞

= = −∞ 
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3. ( ) ( ) ( ) ( ) ( )3 2 3 23 4 3 4f x x x x x′ ′ ′ ′′ = − + = − + 

( ) ( )2 1 23 3 2 0 3 6 3 2f x x x x x x x′ = − × + = − = − 

( ) 0f x′⇔ = ( )3 2 0x x − =  
⇔

 3 0x 2أو= 0x − =⇔
 0x 2xأو= =  

)�6ول إ>�رة )f x′                                                                              
  

  
�4ات ا��ا��KF ول��f.  

  

 ���ا��(4��  .fا��$>�; ا�5$

  
  

  درا�$ دا�$ %�ود!$:  : ��#8!�
f: د'� .!��4 ب��)دا��  ) 3 23 1f x x x= + −  

��د  .1
fD 4'8 ا��ا��!F ���$>.f  

2. :��)أ�&) ا��/�'�ت ا���� )lim
x

f x
→+∞

)و )lim
x

f x
→−∞

  

�4ات ا��ا��  .3KF ول�� LM NG �	�#$ا��ا�� ا� (&�  .fأ
  .fأ
#O .� �% ا��ا�� .4
  ا�78:

��ود'� اذن  fا��ا��  .1fD = ℝ  

2. ( ) 3lim lim
x x

f x x
→+∞ →+∞

= = +∞ 

( ) 3lim lim
x x

f x x
→−∞ →−∞

= = −∞ 

3. ( ) ( ) ( ) ( ) ( )3 2 3 23 1 3 1f x x x x x′ ′ ′ ′′ = + − = + − 

( ) ( )2 1 23 3 2 0 3 6 3 2f x x x x x x x′ = + × + = + = + 

( ) 0f x′⇔ = ( )3 2 0x x + =  
⇔

 3 0x 2أو= 0x + =⇔
 0x 2xأو= = −  

)�6ول إ>�رة )f x′                                                                              
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�4ات ا��ا��KF ول��f.  

  

 ���ا����  .fا��$>�; ا�5$

  

  


!�45 ا��ا�� ا�!�د'�درا�$ دا�$ ��Aط$: :  �3	�ل g :ا�$!��4 ب( ) 2 1

1

x
g x

x

+=
−

  

�F H!4'8 ا��ا�� .1���د g.  

/�'�ت ا��ا�� .2 (&��H ا��!4'8 و أول ا����JR ھ��9��. gأ� . �ات �  
�4ات ا��ا�� .3KF ول�� LM NG .�	�#$ا��ا�� ا� (&� .gأ
4. :  ا.S ا�<�ول ا����

4  3  2  1  0  -1 -2  x  
              ( )g x  

5.  %� �. O#
  .gا��ا��أ
  ا�78:

�F H!4'8 ا��ا��  .1�g :ھ�{ } { }/ 1 0 1D x x= ∈ − ≠ = −ℝ ℝ  

[و .�@  [ ] [,1 1,D = −∞ +∞∪  

2. ( ) 2 1 2
lim lim lim 2

1x x x

x x
g x

x x→−∞ →−∞ →−∞

+= = =
−

)و ) 2 1 2
lim lim lim 2

1x x x

x x
g x

x x→+∞ →+∞ →+∞

+= = =
−

  

 ا�$&�	�N ذا ا�$!�د���!'2y = %� �$�� ).	�رب أ�	 )fC.  

( )
1 1

2 1
lim lim

1x x

x
g x

x+ +→ →

+= = +∞
−

)و )
1 1

2 1
lim lim

1x x

x
g x

x− −→ →

+= = −∞
−  

 ا�$&�	�N ذا ا�!�د���!'1x   .	�رب �$�دي ��$� �%. =

3. ;)�x 7.D :��'��( )
( ) ( )2 2

2 1

1 1 3

1 1
g x

x x

− −′ = =
− −

  

:�!'( ) ( ) 0x D g x′∀ ∈ <  

�4ات ا��ا��.KF ول��  
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4.  
 
 
  .g.� �% ا��ا�� .5

  
  


!�45 ا��ا�� ا�!�د'�  : ��#9!�g :ا�$!��4 ب( ) 3 1

2

x
f x

x

+=
−

  

�F H!4'8 ا��ا�� .1���د f.  

/�'�ت ا��ا�� .2 (&��H ا��!4'8 و أول ا����JR ھ��9��. fأ� . �ات �  
�4ات ا��ا�� .3KF ول�� LM NG .�	�#$ا��ا�� ا� (&� .fأ
4. :  ا.S ا�<�ول ا����

5  4  3  2  1  0 -1  x  
              ( )f x  

  .fأ
#O .� �% ا��ا�� .5
  ا�78:

�F H!4'8 ا��ا��  .1�f :ھ�{ } { }/ 2 0 2D x x= ∈ − ≠ = −ℝ ℝ  

[و .�@  [ ] [, 2 2,D = −∞ +∞∪  

2. ( ) 3 1 3
lim lim lim 3

2x x x

x x
f x

x x→−∞ →−∞ →−∞

+= = =
−

)و ) 3 1 3
lim lim lim 3

2x x x

x x
f x

x x→+∞ →+∞ →+∞

+= = =
−

  

 ا�$&�	�N ذا ا�$!�د���!'3y = %� �$�� ).	�رب أ�	 )fC.  

( )
2 2

3 1
lim lim

2x x

x
f x

x+ +→ →

+= = +∞
−

)و )
2 2

3 1
lim lim

2x x

x
f x

x− −→ →

+= = −∞
−  

2xا�!�د��'!� ا�$&�	�N ذا    .	�رب �$�دي ��$� �%. =

3. ;)�x 7.D :��'��( )
( ) ( )2 2

3 1

1 2 7

2 2
f x

x x

− −′ = =
− −

  

:�!'( ) ( ) 0x D f x′∀ ∈ <  

�4ات ا��ا��.KF ول��  
 
4.  
 

 
  .f.� �% ا��ا�� .5

4  3  2  1  0  -1 -2  x  
3  7/2  5    -1  1/2  1  ( )g x  

5 4 3 2 1 0 -1 x  
4 13/2 10  -4 -1/2 2 /3 ( )f x  
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IV. �
)درا�� ا
دا )0a x ax b≠ +֏: 


!�45 ا��ا�� ا�!�د'��	�ل: f :ا�$!��4 ب( ) 3 5f x x= −
  

��د .1D 4'8 ا��ا��!F H��f.  

2. (&�أ
( )lim

x
f x

→+∞.  

3. (&�)أ )f x′
�4ات ا��ا�� KF ول�� LM وf.  

4. (&�)أ )2f
)و  )3f

)و  )7f
.  

�� ا��ا��.>;  .5
��5.f .NW�$. �.�!�. N�!. � 
 

  ا�78:

1. ( )f x
�C إذا +�نDإذا و $D�"�3 5 0x − ≥  ��"!3 5x ≥  E�� و

5

3
x ≥

  

ھF�% ��"!f :5 #"�!  ا��ا�$

5
,

3
D

 = +∞    

2. 
( ) 5 5

lim lim 3 lim 3
x x x

f x x x
x x→+∞ →+∞ →+∞

 = − = − = +∞ 
  

�ن

5
lim 0

x x→+∞
=

و  
lim

x
x

→+∞
= +∞

 

3. :��!��
( )5 3

,
3 2 3 5

x f x
x

   ′∀ ∈ +∞ =   −    

��4 أن

3
0

2
>

3و  5 0x − )�Dن: < ) 0f x′ >.  
            ا���Gات:�6ول 

 

4. :��!��( )2 3 2 5 1 1f = × − = =
  

)و )3 3 3 5 4 2f = × − = =
  

)و )7 3 7 5 16 4f = × − = =
  

5. :����H7 ا���	�  ا�
5

0
3

f
  = 
 $I�!"�� أن ا��

5
,0

3
A  
 
  ل ���#( )fC

.  
( )2 1f =

��"! $I�)أن ا�� )2,1B
�� ل �#( )fC

.  
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( )3 2f =
$I�)!"�� أن ا�� )3, 2B

�� ل �#( )fC
.  

( )7 4f =
$I�)!"�� أن ا�� )7, 4B

�� ل �#( )fC
.  

-9 -8 -7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 7 8 9

-5

5

x

y

  
 


!�45 ا��ا�� ا�!�د'�  :��#10!�f :ا�$!��4 ب( ) 2 4f x x= +
  

��د .1D 4'8 ا��ا��!F H��f.  

2. (&�أ
( )lim

x
f x

→+∞.  

3. (&�)أ )f x′
�4ات ا��ا�� KF ول�� LM وf.  

4. (&�)أ )2f −
)و  )0f

)و  )6f
.  

�� ا��ا�� .5
��5. ;<.f .NW�$. �.�!�. N�!. � 
  

))1ا�78: )f x
�C إذا +�نDإذا و $D�"�2 4 0x + ≥  ��"!2 4x ≥ −  E�� 2وx ≥ −  

]ھF�% ��"!f :5 #"�!  ا��ا�$ [2,D = − +∞  

( ) 4 4
lim lim 2 lim 2

x x x
f x x x

x x→+∞ →+∞ →+∞

 = + = + = +∞ 
  

�ن

4
lim 0

x x→+∞
=

و  
lim

x
x

→+∞
= +∞

 

:��!��
] [( ) ( ) 2 1

2,
2 2 4 2 4

x f x
x x

′∀ ∈ − +∞ = =
+ +  

2 ��4 أن 4 0x + )�Dن: < ) 0f x′ >.  
            �6ول ا���Gات:

   

:��!��
( ) ( )2 2 2 4 0 0f − = × − + = =

  

)و )0 2 0 4 4 2f = × + = =
  

)و )6 2 6 4 16 4f = × + = =
  

:����H7 ا���	�  ا�
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                                                                                            ���� ����	
ا���ذ :                   
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!�45 ا��ا�� ا�!�د'�:��#11!�g :ا�$!��4 ب( ) 2 1

1

x
g x

x

+=
+

  

�F H!4'8 ا��ا�� .1���د g.  

/�'�ت ا��ا�� .2 (&��H ا��!4'8 و أول ا����JR ھ��9��. gأ� . �ات �  
�4ات ا��ا�� .3KF ول�� LM NG .�	�#$ا���� ا� (&�  .gأ
  .gأ
#O .� �% ا��ا�� .4

  ا�78:
�F H!4'8 ا��ا�� )1�g :ھ�{ } { }/ 1 0 1D x x= ∈ + ≠ = − −ℝ ℝ  

[و .�@                                             [ ] [, 1 1,D = −∞ − − +∞∪  

2(( ) 2 1 2
lim lim lim 2

1x x x

x x
g x

x x→−∞ →−∞ →−∞

+= = =
+

)و ) 2 1 2
lim lim lim 2

1x x x

x x
g x

x x→+∞ →+∞ →+∞

+= = =
+

  

 ا�$&�	�N ذا ا�$!�د���!'2y = %� �$�� ).	�رب أ�	 )fC.  

( )
1 1

2 1
lim lim

1x x

x
g x

x+ +→− →−

+= = −∞
+

)و )
1 1

2 1
lim lim

1x x

x
g x

x− −→− →−

+= = +∞
+  

1xا�!�د��'!� ا�$&�	�N ذا  =   .	�رب �$�دي ��$� �%. −

3(;)�x 7.D :��'��( )
( ) ( )2 2

2 1

1 1 1

1 1
g x

x x
′ = =

+ +
 :�!'( ) ( ) 0x D g x′∀ ∈ >  

�4ات ا��ا��.)4KF ول��  

  
  .g.� �% ا��ا��
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